Abstract. We show that there is no monad based on the normal functor H introduced earlier by Radul which is a certain functorial compactification of the HartmanMycielski construction HM .
The constructions HM n define normal functors in Comp [TZ; 2.5.2] .
Zarichnyi has asked if there exists a normal functor in Comp which contains all functors HM n as subfunctors (see [TZ] ). Such a functor H was constructed in [Ra] . Topological properties of the functor H were investigated in [RR] and [RR1] .
The algebraic aspect of the theory of functors in categories of topological spaces and continuous maps was inswestigated rather recently. It is based, mainly, on the existence of monad (or triple) structure in the sense of S.Eilenberg and J.Moore [EM] . We recall the definition of monad only for the category Comp. A monad T = (T, η, µ) in the category Comp consists of an endofunctor T : Comp → Comp and natural transformations η : Id Comp → T (unity), µ : T 2 → T (multiplication) satisfying the relations µ • T η = µ • ηT =1 T and µ • µT = µ • T µ. (By Id Comp we denote the identity functor on the category Comp and T 2 is the superposition T • T of T .)
Many known functors lead to monads: hyperspaces, spaces of probability measures, superextensions etc. There were many investigations of monads in categories of topological spaces and continuous maps(see for example [RZ] or [TZ] ). The following question arises naturally: if the functor H could be completed to a monad? We give a negative answer in this paper.
Construction of H
Let X be a compactum. By CX we denote the Banach space of all continuous functions ϕ : X → R with the usual sup-norm: ϕ = sup{|ϕ(x)| | x ∈ X}. We denote the segment [0, 1] by I.
For a compactum X let us define the uniformity of HM X. For each ϕ ∈ C(X) and a, b ∈ [0, 1] with a < b we define a function ϕ (a,b) : HM X → R by the following formula
For ϕ 1 , . . . , ϕ n ∈ S HM (X) define a pseudometric ρ ϕ1,...,ϕn on HM X by the formula
where f, g ∈ HM X. The family of pseudometrics P = {ρ ϕ1,...,ϕn | n ∈ N, where ϕ 1 , . . . , ϕ n ∈ S HM (X)}, defines a totally bounded uniformity U HMX of HM X (see [Ra] ). For each compactum X we consider the uniform space (HX, U HX ) which is the completion of (HM X, U HMX ) and the topological space HX with the topology induced by the uniformity U HX . Since U HMX is totally bounded, the space HX is compact.
Let f : X → Y be a continuous map. Define a map HM f : HM X → HM Y by the formula HM f (α) = f • α, for all α ∈ HM X. It was shown in [Ra] that the map HM f : (HM X, U HMX ) → (HM Y, U HMY ) is uniformly continuous. Hence there exists a continuous map Hf : HX → HY such that Hf |HM X = HM f . It is easy to see that H : Comp → Comp is a covariant functor and HM n is a subfunctor of H for each n ∈ N.
Let us remark that the family of functions
Thus, the space HX is the closure of the image of HM X. We denote by p ϕ (a,b) : HX → I ϕ (a,b) the restriction of the natural projection. Let us remark that the function Hf could be defined by the condition
We will use some properties of the functor H proved in [Ra] . Since the functor H preserves embeddings, we can identify the space HA with Hi(HA) ⊂ HX for each closed subset A ⊂ X where i : A → X is the natural embedding. We can define for each α ∈ HX the closed set supp α = ∩{A is a closed subset of X such that α ∈ HA}. Since H preserves preimages, we have α ∈ H(supp α).
It follows from results of [Ra] and Proposition 5.6 from [Fe] that there exists a unique natural transformation η : Id Comp → H defined as follows ηX(x)(t) = x for each t ∈ [0, 1), where x ∈ X. In other words we have p ϕ (a,b) • ηX = ϕ for each ϕ ∈ C(X) and (a, b) ⊂ (0, 1).
Some technical results
It is easy to check that for each
Since HM X is dense in HX, we obtain the following two lemmas.
Lemma 2.3. Consider any ν ∈ HX and a closed subset B ⊂ X. Then ν ∈ HB iff p ϕ 1(a,b) (ν) = p ϕ 2(a,b) (ν) for each (a, b) ⊂ (0, 1) and ϕ 1 , ϕ 2 ∈ C(X) such that
Proof. Necessity. The inclusion ν ∈ HB ⊂ HX means that there exists ν 0 ∈ HB with H(i)(ν 0 ) = ν, where i : B → X is the natural embedding. Hence, for each (a, b) ⊂ (0, 1) and
Sufficiency. We can find an embedding j : B ֒→ Y , where Y ∈ AR. Define Z to be the quotient space of the disjoint union X ∪ Y obtained by attaching X and Y by B. Denote by r : Z → Y a retraction mapping. Now take any ν ∈ HX ⊂ HZ with the property
Lemmas 2.1 and 2.3 imply the next lemma.
Lemma 2.4. Consider any ν ∈ HX and a closed subset B ⊂ X. Then ν ∈ F B iff p ϕ (a,b) (ν) = 0 for each (a, b) ⊂ (0, 1) and ϕ ∈ C(X) such that ϕ| B ≡ 0.
Lemma 2.5. Consider any ν ∈ HX and x ∈ X. Then x ∈ supp ν iff for each neighborhood O of x there exists a > 0 such that p ψ (0,1) (ν) ≥ a for each ψ ∈ C(X, [0, 1]) such that ψ| O ≡ 1.
Proof. Necessity. Suppose the contrary: there exists a neighborhood O of x such that for each a > 0 there exists ψ ∈ C(X, [0, 1]) such that ψ| O ≡ 1 and p ψ (0,1) (ν) < a. Choose any function ϕ ∈ C(X) such that ϕ| X\O ≡ 0. Let |ϕ| ≤ M > 0. By our supposition for each ε > 0 we can choose ψ ∈ C(X, [0, 1]) such that ψ| O ≡ 1 and p ψ (0,1) (ν) < ε M . Since |ϕ| ≤ M ψ, we obtain p |ϕ| (0,1) (ν) ≤ p Mψ (0,1) (ν) < ε using Lemmas 2.1 and 2.2. Thus we have p |ϕ| (0,1) (ν) < ε for each ε > 0, hence p |ϕ| (0,1) (ν) = 0. It is easy to check that p ϕ (0,1) (ν) = 0 too. Then we have ν ∈ H(X \ O), hence x / ∈ supp ν. Sufficiency. Suppose x / ∈ supp ν. Choose a neighborhood O of x such that Cl O ∩ supp ν = ∅. There exists a function ψ ∈ C(X, [0, 1]) such that ψ| O ≡ 1 and ψ| supp ν ≡ 0. Then p ψ (0,1) (ν) = 0 by Lemma 2.4. Thus, we obtain a contradiction and the lemma is proved.
The main result
For any natural number n ∈ N by K n we denote the finite compactum {1, . . . , n} (with discrete topology).
, 2} we denote the natural projections.
Proof. Consider any γ ∈ (H(pr 1 ))
Firstly, let us show that supp γ ⊂ supp α = {(i; i)|i ∈ K n }. Suppose the contrary. The there exist i, j ∈ K n such that i = j and (i; j) ∈ supp γ. Consider a function ψ : K n × K n → [0, 1] such that ψ(i; j) = 1 and ψ(k; l) = 0 for each (k; l) = (i; j). By Lemma 2.5 there exists a > 0 such that p ψ (0,1) (γ) ≥ a. For r ∈ K n define a function ϕ r : K n → R by the formula ϕ r (s) = 1 if r = s and ϕ r (s) = 0 if r = s. For k ∈ {1, 2} and r ∈ K n we consider the functions ϕ
Hence there exists r ∈ {1, . . . , n} such that m{t ∈ (
• H(pr 1 )(γ) = p ϕ r( r−1 n , r n ) (β) = 1 and we obtain a contradiction with the definition of V . If r = i, then we have r = j and we obtain a contradiction using similar arguments for the second projection pr 2 and the function ϕ 2 r . Hence we have the inclusion supp γ ⊂ supp α.
Consider any ϕ ∈ C(K n × K n ) and (a, b) ⊂ (0, 1). Define ψ ∈ C(K n ) as follows ψ(i) = ϕ(i; i) for i ∈ K n and put ξ = ψ • pr 1 . Since supp γ ⊂ {(i; i)|i ∈ K n }, we have p ϕ (a,b) 
Theorem 3.2. There is no natural transformation µ :
Proof. Suppose that there exists such natural transformation. Let n ∈ N.
Then we have C 1 = H(ηK n )(β) and C 2 = ηHK n (β). Hence µK n (C 1 ) = µK n (C 2 ) = β. Since µ is a natural transformation, we have µK n × K n (A n ) ∈ (H(pr 1 )) −1 (β) ∩ (H(pr 2 )) −1 (β). Hence we obtain µK n × K n (A n ) = α by previous lemma.
By D we denote the two-point set {0, 1} with discrete topology. For i ∈ {1, . . . , n} define γ i ∈ HM D ⊂ HD as follows γ i (s) = 1 if s ∈ [ i−1 n , i n ) and γ i (s) = 0 otherwise for s ∈ [0, 1). We also define B n ∈ HM 2 D ⊂ H 2 D by conditions B n (s) = γ i if s ∈ [ i−1 n , i n ) for i ∈ {1, . . . , n} and s ∈ [0, 1). Consider a map f : K n × K n → D defined as follows f (i; j) = 1 if i = j and f (i; j) = 0 otherwise. It is easy to see that Hf (A n ) = B n . Since µ is a natural transformation, we have µD(B n ) = Hf • µK n × K n (A n ) = Hf (α) = ηD(1). But it is easy to see that B n converges to ηHD(ηD(0)) if n → ∞. Hence µD is not continuous and we obtain a contradiction.
